The partition function of Abelian Chern-Simons coupled to massless charged scalar is evaluated in the infinite k limit, on the geometry S 2 × S 1 . The expression is obtained by counting scaling operators and checked by calculating regularized determinant. It is shown that the partition function does not obey modular invariance in the form proposed by Cardy. A general form of modular invariance, if any, must be more involved.
Introduction
Conformal invariance serves as a powerful principle in two dimensions. It is tempting to generalize what we have learned in two dimensions to higher ones. Some have been done along this line [1] [2] . Recently, Cardy proposed generalizations of modular invariance to higher dimensions [3] . He demonstrated modular invariance for a free scalar in various dimensions, with geometry S d ×S 1 . Unfortunately, the form of modular invariance working for an anti-periodic free scalar in three dimensions fails in the 3d Ising model at the critical point. In this letter, we shall find that this form fails too for a Chern-Simons matter field theory in three dimensions. This failure, however, has not yet ruled out the possibility that there exist other forms of modular invariance working for this particular conformal field theory. A universal expression is even more desirable.
The quantized Chern-Simons, Abelian and non-Abelian, gauge theories coupling to matter fields are believed to be conformally invariant, provided the corresponding classical actions involve no any dimensional parameters, including matter masses. It has been shown in [4] that the beta functions of gauge couplings vanish (see [5] [6] as well for the Abelian cases) and massless matters remain massless after quantization. Furhtermore, the induced non-local term for the gauge field by integrating over matter fields,
is invariant under the special conformal transformations, x → x ′ = x+bx 2 1+2b·x+b 2 x 2 . Being conformally invariant makes it possibable to explore the models' other nice features such as the modular invariance. For this purpose, let us define the theory with Abelian Chern-Simons coupled to massless charged scalar on the geometry S 2 × S 1 . A natural metric on it is
where dΩ 2 is the unit round metric on S 2 , and L the radius of S 1 . This metric, viewed as a metric on S 2 × R, has a map to the flat metric in 3d Euclidean space under a Weyl rescaling. As the model is conformally invariant, its Hamiltonian on S 2 has a map to the dilatation operator on R 3 . Then, the problem of calculating the partition function of such a system on S 2 × S 1 is equivalent to that of counting the scaling dimensions in the model.
Our main result in this paper is the following partition function for the model of interest, in the infinite k (the statistical parameter) limit
) is the modular parameter. The contour of the above integral is the unit circle on the complex plane. It is an interesting mathematics problem to evaluate this contour integral. It should involve certain analog of Rogers-Ramanujan identities. The evaluation of this integral is necessary in finding a possible form of modular invariance of the model.
For the Chern-Simons matter theories with finite k, expression of the partition function seems to be much more complicated, because the scaling dimensions of operators may not be the canonical ones. It has been seen in [4] that the scalar field has indeed an anomalous dimension, proportional to 1 k 2 , while the Abelian Chern-Simons gauge field and so the statistics parameter k need no infinite renormalization. Renormalization of some composite gauge invariant operators with a dimension not larger than 3 has been investigated in a recent work [7] . It is remarkable that the anomalous dimensions of these composite operators have simple relations with that of the primary field. This perhaps can be attributed to that Chern-Simons matter theories have vanishing beta functions. If these simple relations remain for all gauge invariant operators, a similar result, of k dependent, could be obtained. Investigations along this line are in progress.
The plan of this paper is as follows. In the next section, we shall compute the partition function by counting scaling operators. Modular invariance proposed by Cardy is numerically disproven. In section 3, we calculate the partition function in the infinite k limit, upon regularizing a determinant. The result is compared to that obtained by counting of scaling dimensions in section 2. The agreement of the results indicates the consistency of the approach used. 
Partition Function on the Geometry
which is conformal to the flat metric on the Euclidean space. The Hamiltonian H on space 
where the sum is over all scaling operators. In a recent interesting paper [3] , generalizations of modular invariance to higher dimensions were made. The proposal of Cardy works for a free scalar field coupled conformally to the scalar curvature of the geometry. The particular form of modular invariance, which works for an anti-periodic free scalar in three dimensions, does not work for the 3d Ising model at the critical point. Here we shall see, to our disappointment, that this form does not work either for the model of Abelian
Chern-Simons coupled to a massless complex scalar. This, though, has not ruled out yet a universal form of modular invariance for 3d conformal field theories. As we do not understand a possible underlying principle of modular invariance in higher dimensions, it is conceivable that a universal form is far from being simple.
Note, that the formula (2.1) works only for a strict conformal field theory. It is then a nontrivial check of the conformal invariance to calculate the partition function by independent means. We shall calculate the partition function of our model in this section, starting from (2.1). If our conjecture of finiteness is true, then this partition function is the one for all coupling k and independent of k. In the next section, we shall calculate the partition function in the infinite k limit, starting with a path integral. We shall see the results are same.
The Euclidean action of our working model is
where
The scaling operators in a gauge theory are all gauge invariant operators. However, not all these operators in the model (2.2) are independent. The inter-relationship is specified by the equations of motion
These equations of motion will simplify counting of gauge invariant scaling operators. 
2 ) are arbitrary non-negative integers, l
3 ) = 0, 1 is restricted, because of the second equation in (2.3). Let us assume that the scaling dimension of the above operator coincides with its canonical one, as it is when k goes to infinity. The scaling dimension of the operator (2.4) is
An observation of (2.4) suggests that the partition function of interest can be written as a sum
where r i and s i are multiplicities. The introduction of a delta function is due to the fact that a gauge invariant operator must contain the same number of φ and φ + . This delta function renders a direct calculation of the partition function difficult. Let us introduce another parameter z, and define
It is easy to see that Z(q) is just the coefficient of the term z 0 in Z(q, z). Now Z 1 (q, z) is easy to calculate, the result is
It is interesting to compare this with the partition function of a free scalar, obtained by
Finally, the partition function for the model (2.2) (at least in the infinite k limit) is
The contour integral in (2.7) is formally defined. We shall duplicate the formula in the next section by working out the path integral in the infinite k limit. We shall see that parameter z plays a role of the holonomy of a flat gauge field along the Euclidean time direction. (2.7) is the starting point to understand modular and other properties of the the theory. An exact evaluation of it is on the way. Now we turn to the numerical investigation of modular invariance in the form proposed in [3] . Our conclusion is that this form of modular invariance does not work for the theory.
As the first step, we check modular invariance associated with a partition functioñ ζ(s) is the Riemann zeta function. Now, the quantity [3]
is modular invariant, except a few additional terms in the form δ a , a = ±3/2, ±1/2, will appear after the modular transformation δ → 1/δ. These terms appear due to the poles of the integrand in the above contour integral at s = ±3/2, ±1/2.
Note that, because of appearance of terms δ ±1/2 , the function Φ 3 defined in an appendix in [3] is not modular invariant. Φ 3 = (∂ then the function I 3 can be expanded as
To numerically check modular invariance, we expand Z(q) up to q 4 : It is seen that to a good approximation, Φ(x) is an even function. To see how inclusion of higher order terms improves the situation, we expanded Z(q) to q 6 and calculated Φ(x).
We found The coefficients of odd terms are of the same magnitude as the ones of even terms. This clearly rules out modular invariance. Next we use (2.10) up to order q 6 to calculate Φ(x).
We find
So inclusion of higher order terms merely improves higher terms in Φ(x), within our approximation. The term x, say, is stable when more and more higher terms are included.
Regularizing Determinant
In this section, we shall compute the partition function of our model by regularizing the determinant arising from the path integral in the infinite k limit. To compare the result in this section with (2.7), we shall first recast the logarithm of the integrand in (2.7)
into a contour integral. We notice first that logZ(q, z) = n=0,r=1
Using the inverse Mellin transform of the gamma function
where the contour C is parallel to the imaginary axis and right to it, and again a factor 1/(2πi) is absorbed into the definition of the contour integral, we find
where ζ(s − 1) is the Riemann zeta function. The generalized zeta function F (z, s + 1) is
The contour in (3.1) has been chosen so that all poles of the integrand are located to its left.
We now calculate the partition function with the path integral. In the large k limit, only flat gauge field configurations contribute to the path integral. In the spacetime with topology S 2 × S 1 , these configurations are parametrized by an angle variable θ ∈ [0, 2π]:
Note, that we have assumed that the radius of S 2 is 1 so the parameter δ = L/R = L.
The circumference of S 1 is 2πL. We will see that the complex parameter z introduced previously is related to θ through z = exp(iθ).
Now the partition function in the large k limit reads:
where we assumed that the scalar is conformally coupled to the scalar curvature, therefore, ξ = 1/8 [8] . The eigenvalues of ∆ on the unit two sphere are l(l + 1), l being non-negative integer. Formally, the partition function takes the form
In it, the boundary condition along the time direction is not important, since it can always be put into the θ parameter. In other words, one can say that the holonomy of the flat gauge field shifts the boundary condition.
To be well-defined, (3.4) needs to be regularized. We use the ζ-function regularization to do so for the sum. Define
The regularized partition function is
Using formula
we rewrite the zeta function as
ζ(s, θ), defined as above, has obviously a pole at s = 3/2. On the other hand, s = 0 is a regular point of ζ(s, θ). Actually, ζ(0, θ) = 0, since the r.h.s. of (3.5) is regular while Γ(s) is divergent at s = 0. Denote the r.h.s. of (3.5) by g(s). Then
We shall see that g ′ (0) is regular, so that the first term on the r.h.s. of the above equation is zero at s = 0. At s = 0, the second term is
We thus find
This is what we need to calculate. Thus, we need to extend the function g(s) in (3.5) to s = 0. When t → 0, both F i (t) are singular. To extract the singular behaviors of these functions, one can use integrals to approximate sums:
To go beyond this approximation and actually calculate F i (t) for small t, we apply the inverse Mellin transform and obtain, 6) where u = θ/(2π), ζ(s, u) is the generalized Riemann zeta function [9] . The above contours are chosen such that all poles of integrands are located to the left of the contours.
We then consider t → 1/t:
Denote the second term in (3.7) by f 1 (t). It is easy to see that when t gets large, f 1 (t) decreases exponentially.
Similarly, we have It is easy to show that the last term behaves like 1/t 2 when t gets large. Denote this function by f 2 (t).
We are ready to extend g(s We have used Hurwitz formula [9] This formula is exactly the same as in (3.1).
